Introduction
In 2009 the International Publishing House "World Scientific" has published the book: Alexey Stakhov. The Mathematics of Harmony. From Euclid to Contemporary Mathematics and Computer Science" 1 [1] The American philosopher Professor Scott Olsen, author of the excellent book "The Golden Section: Nature's Greatest Secret" [2] made a huge assistance in writing the book [1] and its preparation for the publication.
The publication of these books is a reflection of one of the most important trend in the development of modern science. The essence of this trend is very simple: a return to the "harmonic ideas" of Pythagoras and Plato (the "golden ratio" and Platonic solids), embodied in Euclid's "Elements" [3] .
The newest discoveries in chemistry and crystallography: fullerenes, based on the "truncated icosahedron" (The Nobel Prize -1996) , and quasi-crystals, based on the icosahedral or pentagonal symmetry (Nobel Prize -2011), are brilliant examples, which confirm this trend.
The amount of such discoveries is increasing continuously. These include: "the law of structural harmony of systems" by Edward Soroko [4] , based on the golden p-proportions, the "law of spiral biosimmetry transformation" by Oleg Bodnar [5] , based on the "golden" Fibonacci hyperbolic functions. It also includes a new theory of the genetic code, based on the "golden genomatrices" (author -Doctor of Physical and Mathematical Sciences Sergey Petoukhov, Moscow) [6] . These examples could go on.
Thus, the modern philosophy and theoretical natural sciences begun to use widely the "harmonic ideas" by Pythagoras, Plato and Euclid. And we have every right to talk about the "revival" of ancient Greeks' "harmonic ideas" in modern theoretical natural sciences. This fact puts forward a problem of the renaissance of these ancient harmonic ideas in modern mathematics. The publication of the book [1] is the answer of mathematics to this important trend.
The purpose of this article is to give a survey of the main stages, events and scientific findings, which led to the creation of "Mathematics of Harmony," the new interdisciplinary direction of modern science.
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Measuring Thus, in the book [43] the concept of "the Mathematics of Harmony" is directly associated with the "golden ratio" -the most important ancient mathematical discovery in the field of harmony, which at that time was called "the division of the segment in extreme and mean ratio."
Finally, it is pertinent to mention that this term was used in Stakhov's speech «The Golden Section and Modern Harmony Mathematics», made at the 7th International Conference «Fibonacci Numbers and Their Applications" (Austria, Graz, 1996) [11] .
The most important periods in the development of the Mathematics of Harmony
As mentioned above, very successful term of the "Mathematics of Harmony" was introduced to emphasize the most important feature of ancient Greek science (studying the Harmony of the Universe) [42, 43] . The greatest interest in the "Harmony of Universe", that is, in the ideas of Pythagoras, Plato and Euclid, always arose in the periods of greatest prosperity of the "human spirit." From this point of view, the studying the "Mathematics of Harmony" can be divided into the following critical periods.
Ancient Greek period
Conventionally, it can be assumed that this period starts with the research of Pythagoras and Plato. Euclidean' "Elements" is a final event of this period. According to Proclus' hypothesis [3] , Euclid created his "Elements" in order to give a complete geometric theory of the five "Platonic solids," which have been associated in the ancient Greek science with the "Harmony of the Universe." Fundamentals of the theory Platonic solids (Fig.1) were placed by Euclid in the final Book (Book XIII) of his "Elements." In addition, Euclid simultaneously had introduced here some advanced achievements of ancient Greek mathematics, in particular, the "golden ratio" (Book II), which was used by Euclid for the creation of the geometric theory of "Platonic solids.
The Middle Ages
In the Middle Ages it was made very important mathematical discovery. The famous Italian mathematician Leonardo of Pisa (Fibonacci) wrote a book «Liber Abaci" (1202). In this book, he described "the task of rabbits reproduction." In solving this problem he introduced the remarkable numerical sequence -the Fibonacci numbers The Fibonacci numbers can be extended to the negative values of the indices n (see Table 1 ). In that period two books, which were the best reflection of the idea of the "Universe Harmony," were published. The first of them is the book "Divina Proprtione" («The Divine Proportion") (1509). This book had been written by the outstanding Italian mathematician and scholar monk Luca Pacioli under the direct influence of Leonardo da Vinci, who illustrated Pacioli's book. The brilliant astronomer of 17th century Johannes Kepler made an enormous contribution to the development of the "harmonic ideas" of Pythagoras, Plato and Euclid.
In his first book Mysterium Cosmographicum (1596) he built the socalled "Cosmic Cup" (Fig.2 ) -an original model of the Solar system, based on the Platonic solids. The book Harmonice Mundi (Harmony of the Worlds) (1619) is the main Kepler's contribution into the Doctrine of the Universe Harmony. In Harmony, he attempted to explain the proportions of the natural world-particularly the astronomical and astrological aspects-in terms of music. The central set of "harmonies" was the musica universalis or "music of the spheres," which had been studied by Pythagoras, Ptolemy and many others before Kepler.
The 19th century
This period is connected with the works of the French mathematicians Jacques Philip Marie Binet (1786-1856), Francois Edouard Anatole Lucas (1842-1891), German poet and philosopher Adolf Zeising (born in 1810) and the German mathematician Felix Klein (1849 -1925).
Jacques Philip Marie Binet derived a mathematical formula to expresses the "extended" Fibonacci numbers (see Table 1 ) through the "golden mean" The Lucas numbers (5) can be extended to the negative values of the indices n (see Table 2 ). Table 2 The "extended" Lucas numbers The merit of Binet and Lukas is the fact that their researches became a launching pad for Fibonacci researches in the Soviet Union, the United States, Britain and other countries [44] [45] [46] .
German poet Adolf Zeising in 1854 published the book «Neue Lehre von den Proportionen des menschlichen Körpers aus einem bisher unerkannt gebliebenen, die ganze Natur und Kunst durchdringenden morphologischen Grundgesetze entwickelt». The basic Zeising's idea is to formulate the Law of proportionality. He formulated this Law as follows: "A division of the whole into unequal parts is proportional, when the ratio between the parts is the same as the ratio of the bigger part to the whole, this ratio is equal to the golden mean".
The famous German mathematician Felix Klein in 1984 published the book "Lectures on the icosahedron and the solution of equations of the fifth degree," dedicated to the geometric theory of the icosahedron and its role in the general theory of mathematics. Klein treats the icosahedron as a mathematical object, which is a source for the five mathematical theories: geometry, Galois theory, group theory, invariant theory and differential equations.
What is the significance of the ideas of the outstanding mathematician from the point of view of the Mathematics of Harmony [1] ? According to Klein, the Platonic icosahedron, based on the "golden ratio," is the main geometric figure of mathematics. It follows from this that the "golden ratio" is the main geometric object of mathematics, which, according to Klein, can unite all mathematics.
This idea of Felix Klein is consistent with the ideas of the article "Generalized Golden Sections and a new approach to geometric definition of a number," published by the author in the "Ukrainian Mathematical Journal" [24] . This article presents the concept of the "golden" number theory, which can be the basis for the "golden" mathematics, based on the "golden ratio" and its generalizations.
The first half of the 20th century
In the first half of the 20th century the development of the "golden" paradigm of the ancient Greeks is associated with the names of the Russian Professor of architecture Grimm (1865 Grimm ( -1942 and the classic of the Russian religious philosophy Paul Florensky (1882-1937).
In the theory of architecture, it is well-known the book "Proportionality in Architecture", published by Prof. Grimm in 1935 [47] . The purpose of the book has been formulated in the "Introduction" as follows:
" Reviving the idea of harmony in modern science is determined by new scientific realities. The penetration of the Platonic solids, the "golden ratio" and Fibonacci numbers in all areas of theoretical natural sciences (crystallography, chemistry, astronomy, earth science, quantum physics, botany, biology, geology, medicine, genetics, etc.), as well as in computer science and economics was the main reason for the renewed interest in the ancient idea of the Universe Harmony in modern science and the stimulus for the development of the "Mathematics of Harmony" .
In view of the exceptional significance of the Golden Section in the sense of the proportional division , which establishes a permanent connection between the whole and its parts and gives a constant ratio between them (which is unreachable by any other division), the scheme, based on it, is the main standard and is accepted by us in

The article by Victor Shenyagin
Recently on the website "Academy of Trinitarizm, Institute of the Golden Section" has published the article by well-known Russian Fibonacci-scientist Victor Shenyagin [48] with the following appeal:
"Appeal to the international scientific community: On the appropriateness of nomination of Professor Stakhova AP to award the Abel Prize in Mathematics in 2014"
Of course, it is pleasant for the author to get a high appreciation of his research from his colleagues. Similar estimations were given also by other well-known scientists: the Ukrainian mathematician academician Yuri Mitropolsky [7] , the American philosopher Scott Olsen [49] , the Belarusian philosopher Edward Soroko [50] , the Russian philosopher Sergei Abachiev [51] , and many others. Their feedback is the highest award for the author.
Unfortunately, this scientific discipline, called the "Mathematics of Harmony" [1] until now is not a generally recognized part of the conventional mathematics. However, this scientific direction became widely known in modern science after the publication of the book [1] , as well as the author's publications in the Ukrainian academic and English scientific journals [3, .
Let us consider the basic mathematical results and theories of the "Mathematics of Harmony," mentioned by Victor Shenyagin in the article [48] .
Algorithmic measurement theory
The algorithmic measurement theory is the first mathematical theory, created by the author during 70th years of 20 c. The foundations of this theory are described in the books [12, 13] .
Although this theory by its initial idea had purely applied character ("Synthesis of the optimal algorithms for analog-to-digital conversion", by the way, this was the title of author's doctoral dissertation, 1972), but in process of creating this theory, the author went out far for the application frameworks and touched the foundations of mathematics.
Stakhov books on the Algorithmic Measurement Theory (1977, 1979) (in Russian)
First of all, the author have excluded from consideration the abstraction of actual infinity as an internally contradictory concept (the "completed infinity"), because still Aristotle protested against this. As a result, the author has excluded from the algorithmic measurement theory Cantor's axiom, which is the basis of the classical measurement theory, based on the continuity axioms. The author found the contradiction between Cantor's axiom and the Archimedes' axiom [12] . This contradiction implies automatically the contradictions in the foundations of mathematics. The famous Russian mathematician and philosopher Alexander Zenkin had developed these ideas in the article [52] , where he criticizes Cantor's theory of infinite sets.
Such a constructive approach to the algorithmic measurement theory, based on the abstraction of potential infinity, allowed the author to solve the problem, which was never been considered in mathematics. We talk about the problem of the synthesis of optimal measurement algorithms, which are a generalization of well-known measurement algorithms: the "counting algorithm," which lies at the basis of Euclidean definition of natural numbers, and the "binary algorithm," which lies at the basis of the binary system, the basis of modern computers.
Each measurement algorithm corresponds to some positional number system. From the algorithmic measurement theory, it follows all the known positional number systems. It is very important, that the new, unknown positional number systems, in particular, the "Fibonacci" and "binomial" number systems arose in the algorithmic measurement theory [12] .
Thus, the algorithmic measurement theory is a source for the new positional number systems. Note that mathematics was never seriously engaged in number systems. The mathematics moved forward not very far in this area compared with the period of its origin. And this is the mistake of mathematics. New positional number systems (in particular, introduced by the author Fibonacci p-codes) can become an alternative to the binary system for many critical applications.
Pascal's Triangle and the generalized
Fibonacci numbers Pascal's Triangle is so widely known and studied mathematical object that many mathematicians will be surprised what's new can be found in this triangle? The book "Mathematical Discovery" (Russian translation, 1970) [53] by the American mathematician Polya is well-known. In this book Polya showed an unexpected connection of Pascal's triangle with the Fibonacci numbers. The study of the so-called "diagonal sums" of Pascal's triangle, conducted by many mathematicians (including the author of this article), has led to the discovery of an infinite amount of the recurrent sequences, called the Fibonacci p-numbers [12] . These recurrent sequences for the given 0,1,2,3,... 1,2,3,..) . (8) The positive roots of the equation (8) 
which underlies the modern computers. For the case р>0 all the Fibonacci р-codes are redundant positional binary systems, which can be used for the design of new computers (Fibonacci computers), which have super-high informational reliability.
Foreign patents on the Fibonacci computers
In 1976, the author worked during 2 months as Visiting-Professor of the Vienna University of Technology. At the final stage of the stay in Austria, the author made a speech "Algorithmic Measurement Theory and Foundations of Computer Arithmetic" at the joint meeting of the Austrian Computer and Cybernetics Societies. The success of the speech was stunning. It was recognized that this speech provides new informational and arithmetical foundation of computers.
This sudden interest of Austrian scientists in author's speech became a reason of the letter of the Soviet Ambassador in Austria Ivan Yefremov, who sent it to the USSR State Committee for Science and Technology. On the basis of this letter, the Soviet State Invention Committee took the decision about the urgent patenting author's inventions on "Fibonacci computers " abroad. 65 foreign patents of the U.S. Japan, England, France, Germany, Canada and other countries are official legal documents, which confirmed a priority of the author in this area.
Codes of the Golden Proportion
In 1957, the young (12 year old) American wunderkind George Bergman in one of the U.S. mathematical Journals had described the unique number system, called a number system with an irrational base [54] :
Загальні питання метрології, вимірювальної техніки і технологій
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where A is a some real number,
is a binary numeral of the i th digit ( )
Φ is the weight of the i th digit, 15 2 + Φ= is a base of "Bergman's system (11) . Unfortunately, the mathematicians of 20th century did not pay attention to this mathematical discovery, despite the fact that "Bergman's system" (11) is the greatest contemporary mathematical discovery in the field of positional number systems after the discovery of the Babylonian positional principle of number representation and decimal and binary number systems.
In 1980, the author had generalized the number system (11) and introduced in mathematics a wide class of the positional number systems with irrational bases, called "codes of the golden p-proportions" [10] : Φ is the weight of the i th digit, connected with weights of the previous digits by the following identity:
Theory of the codes of the golden p-proportions was set forth in the book [14] . This book attracted the attention of the Soviet scientific-popular Journal "Technology for young people." In 1985 this Journal had published author's article "Codes of the Golden Proportion, or the number systems for future computers?" [55] . This article was the "key" article of this Journal what had been emphasized by the collage "Codes of the Golden Proportion," placed on the back cover of this Journal. The publication of author's article in the famous scientific-popular Journal by circulation of 1.7 million copies caused a big interest of scientific community in this research direction, which has became well known not only in the USSR but also abroad.
Note that the expression (12) 
11
. The "golden" number theory Academician Yuri Mitropolsky, Сhief-Editor of the "Ukrainian Mathematical Journal," has invited the author to submit the article on the codes of the golden p-proportions for the Journal. In 2004, according to Mitropolsky's recommendation, the article "The generalized golden proportions and a new approach to geometric definition of a number" was published in this prestigious mathematical Journal [24] .
The main idea of the article is reduced to the following. The codes of the golden p-proportions, which are connected with Pascal's triangle, can be considered as the beginning of the new number theory, the "golden" number theory. Indeed, with the help of the codes of the golden p-proportions we can represent all real numbers, including natural, rational and irrational. The codes of the golden p-proportions change our ideas about the relationship between rational and irrational numbers, because the special irrational numbers (the golden p-proportions) are becoming the basis of all numbers and, therefore, of all mathematics. Consider one unusual result of the "golden" number theory on the example of the Bergman's system (11) . For this, we represent the natural number N in the Bergman's system (11):
Na =Φ ∑ . (14) It is proved [24] that the sum of (14) for any natural number N is finite always, that is, any natural number N can be represented as the finite sum of the powers of the "golden proportion". Since all powers of the "golden proportion" are irrational numbers (except for 0 1 Φ=), then this assertion is far from trivial.
Let us consider the so-called "extended" Fibonacci numbers (see Table 1 ).
We substitute now the "extended" Fibonacci numbers ( ) (14) . To our surprise, we find [24] that this sum is equal to 0 for any natural number N, that is,
This property has been called the Z-property of natural numbers [24] . Since this property is valid only for natural numbers, this means that in [24] we found a new property of natural numbers, via 2.5 thousand years of their theoretical study (academician Mitropolsky was thrilled!).
